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Poisson algebras

Definition 1

A (commutative) C-algebra (D, +, -) is said to be a Poisson algebra if there exists

bilinear product {-,-} on D, called a Poisson bracket, such that (D, {-,-}) is
® {a,b} = —{b,a} foralla,b e D (anti-commutative),

@ {a,{b,c}} + {b,{c,a}} + {c,{a,b}} =0 for all a,b,c € D (Jacobi identity), and

® {a-bct=a {bc}+{a,c} b for all a,b,c € D (Leibniz rule).




Skew polynomial rings

Definition 2
Let C be a ring and 8 be an automorphism of C and o an S-derivation on C. Then
A = Clz; B, 0] is called a skew polynomial ring over C if

0 A is a ring, containing C as a subring,

@ x is an element of A,

® A s a free left C-module with basis {1,z,22,...}, and

O zr =B(r)z+ o(r) for all € C.

o = = =) Z= DaC




Semiclassical limit algebras

Definition 3
A nonzero element ¢t — 1 in a Poisson algebra D is called a regular element of D, if t — 1
is a nonunit, nonzero divisor and central element of D such that D/(t — 1)D is

commutative.

Definition 4
Let D be a C-algebra and t — 1 € D be a regular element. Then a nontrivial
commutative algebra D/(t — 1)D is a Poisson algebra with Poisson bracket defined by

the rule
{@,b} = (t — 1)~ (ab — ba) (1)

for @,b € D/(t — 1)D. The Poisson algebra D/(t — 1)D is called a semiclassical limit of
D.
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The construction

Theorem 5 [MyOh]

Let F subring of C[[t — 1]] and Ax_1 = Flx1][x2; B2,02] ... [Th—1; Br—1,0k—1] be an iterated
skew polynomial F-algebra and assume that B;,0;,aj;,uj; satisfy
Bj(xi) = ajizi, aji €F 1<i<j<k-1), (2
oj(xs) = uj; € Ag 1<i<j<k-—1). (3)

Let B, o be F-linear maps, from Ag_, into itself subject to

Brk(1) =1, Br(xi)=apzi, ap; €F 1<i<k-1), @
O'k(l) =0, o‘;c(ml) =up; € A; (1 <i<k-— 1), (5)
if Br and oy satisfy the conditions
Br(uji) = agjariuji 1<i<j<k), (6)
AT jUk; + UkjTi = QUi T + AR 05iTiU; + ok (Uj) 1<i<ji<k). ()

Then there exists an iterated skew polynomial F-algebra

Ay = Ap_1[z; Br, ox] = Flzi][w2; B2, 02] . . . [xk; B, ok]-

4
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Theorem 6 [MyOh]

Let A = Flz1][x2; B2, 02] - . . [zk; Bk, ok] be the iterated skew polynomial F-algebra that is in
Theorem 5. Suppose that F/(t — 1)F is isomorphic to C such that t — 1 is a nonunit and

nonzero divisor in Ay and
aj; —1€ (t = 1)F, aj(xi) S (t = 1)Ak (8)

forall1 <i< j<k. Thent—1 is a reqular element of Ay and the semiclassical limit

Ay = Ay /(t — 1) Ay, is Poisson isomorphic to an iterated Poisson polynomial C-algebra

Clz1][z2; a2, 02]p - - - [k 0k, k], 9
where p dors (1)
O‘](zl) = ( ZZZ lt-l)xu 6](:1:1) = %‘t:l (10)
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Lemma 7 [MyOh]
Let By, = Clz1,...,xk] be a Poisson algebra satisfying the following condition: for any
1<i<j<k,

{zj,z:} = cjimizy + pjs, (11)
where c;j; € C and pj; € B;. Then By, is an iterated Poisson polynomial algebra of the

form

By, = Clz1][z2; a2, 82]p - - . [Tk 0, Ok, (12)

where
aj(x;) = cjizs,  05(xi) = pj (13)

Conversely, if By is an iterated Poisson polynomial algebra of the form (12) then By is

a Poisson algebra satisfying the condition (11).
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Corollary 8 [MyOh]
Let By, be an iterated Poisson polynomial C-algebra
By, = Clza][w2; @2, 02]p - - - [xk; ok, Ok]p
such that
oj(zs) = cjizy,  0j(zy) € Cla, ..., x4, (14)
where cj; € C, for all 1 <1< j <k and let

aji €F,  wuj; € Floy, ...,z

such that
daj;
aj; —1 € (t—1)F, [t=1 = ¢ji,
dt
d (15)
g
uj; € (¢t — D)F[xe, ..., 23], dz lt=1 = [d;(x4)],
where [0;(x;)] is the C-linear combination of §;(x;) by standard monomials of x1, ..., x;.
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Set Ay = F[z1]. Suppose that F/(t — 1)F is isomorphic to C and that t — 1 is a nonunit and

nonzero divisor of an iterated skew polynomial F-algebra

A1 = Flza][z2; B2,02] - . - [t —1; Be—1, 0k —1]
such that Bj,0; satisfy some relations in [MyOh] for all 1 <1i < j < k. Then there exists

an iterated skew polynomial F-algebra

A = Ap—1[zr; Br, ox] = Fla][z2; B2, 2] . . - [Tk —15 Br—1, ok —1][zk; Bk, k] (16)
and t — 1 is a regular element of Ay such that By is Poisson isomorphic to the

semiclassical limit Ay /(t — 1) Ag.

Remark 9
Keep the notations of Theorem 5. If u;; = 0 for all 1 <4 < j < k then (6) and (7) hold

trivially.
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Example 10
The commutative C-algebra Bz = C[z,y, 2] is a Poisson C-algebra with Poisson bracket
defined by the rule
{y,2} = zy, {z,2} =2z and {z,y}=y=z. (17)
Notice that, B3 is an iterated Poisson polynomial C-algebra
Bs = Clz][y; aalplz; asp, (18)
where az(z) = x = as(z) and as(y) = y. Set F = C[t] and a21 = az1 = az2 = t. Then, by
using Remark 9 and Theorem 5, there exists an iterated skew polynomial F-algebra
As = F[=][y; B2][2; Bs], (19
where B2(z) = a1z = B3(x) = asix = tx, and B3(y) = asy = ty. Notice that, t — 1 is a
regular element of Az. By using Corollary 8 the semiclassical limit As/(t — 1)As is Poisson

isomorphic to Bz since (15) holds, i.e.

da;;
aj; —1 € (t — 1)F, ey =1
ji—1€E—1F, L=

for1<i<j<3
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