Maram Alossaimi

The 8** International Congress on Fundamental

and Applied Sciences Conference

19 — 21 October 2021




A nonempty set S’ with binary operator (-)
is a semigroup (S',-) if for all g, h,k € S'

1. g-he§, and

2. g-(h-k)=(g-h) k.
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Figure 1: Algebraic structure
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Definition 1

. Set S
A vector space L over a field K is called a Lie
algebra if there exists a bilinear product [-,-] on L, @ e ©
called a Lie bracket, which is anti-commutative and

satisfies the Jacobi identity: [a,b] = —[b, a] and

Group G

la, [b, €] + [, [¢, a]] + [¢, [a,b]] =0 for all a,b,c € L.

Vector space
V over K

Lie algebra L

Figure 2: Lie algebras structure
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Definition 2

Let K be a field. An associative K-algebra A,, that is generated by 2n elements
Xi,..., X, Y1,...,Y,, subject to the relations:

[Yi, X;] = 6i; and [Xi, X;] = [Vi,Y¥;] =0 for all4, j,
is called the n’th Weyl algebra A, (K), where d;; is the Kronecker delta function, i.e.
1 if i=j,

0 if i%#j.
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Definition 3 [Bavi]

Let R be a ring, 0 = (01,...,0,) be an n-tuple of commuting automorphisms of R,
a = (ai,...,an) be an n-tuple of elements in the centre Z(R), such that o;(a;) = a;
for all ¢ # j. The generalized Weyl algebra (GWA) A = R[X,Y;0,a] of rank n is a

ring generated by R and 2n elements X1, ..., X,, Y1, ..., Y, subject to the defining
relations:

YiXi = ai, XiYi=o0i(a:),
Xid = 0:(d)X;, Yid = 0 '(d)Y; for all d € R,
[Xi,Xj] = [XZ,YJ] = [Y;’)G] =0 foralli#j,

where [z,y] = zy — yz.
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Example 4 [Bavi]

The Weyl algebra A, is a GWA A = R[X,Y;0,a] of rank n, where

R = K|[Hy,...,H,] is a polynomial ring in n variables, o = (o4,...,0,) such that

O'i(Hj)ZHj— ij and a=(H1,.. ,Hn),

where d;; is the Kronecker delta function. The map

An—)A, Xil—>Xi, Y;'—)K, and Ylel—)Hz

forall i=1,....,n
is an algebra isomorphism.
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Definition 5 . Set §

A (commutative) K-algebra (D, +, -) is called a Poisson
algebra if there exists bilinear product {-,-} on D, called 7)) Semigroup &
a Poisson bracket, such that (D, {-,-}) is a Lie algebra
and Leibniz rule holds, i.e.

Poisson algebra A
Group G
(D:f--})
{a-b,c} ={a,c} -b+a-{bc} forall a,b,ce D.

Vector space
V over K

Lie algebra L
Figure 3: Poisson algebras structure
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Generalized Weyl Poisson algebras

Definition 6 [Bav2]

Let D be a Poisson algebra, d = (d1,...,0,) € PDerk (D)™ be an n-tuple of
commuting Poisson derivations of D, a = (a1,...,an) € PZ(D)™ be an n-tuple of

Poisson central elements of D such that 9;(a;) = 0 for all ¢ # j. The commutative
GWA

A=D[X,Y;a] = D[X1,...,Xn,Y1,...,Ya]/(X1Y1 —a1,..., XnYn — an)

is a Poisson algebra with Poisson bracket defined by the rule: For all i,j =1,...,n
and d € D,

{Y;,d} - 81(d))/l7 {X17d} = _8l(d)X“ {)/Z7XZ} = a’i(a’i)7 and
This Poisson algebra is denoted by A = D[X,Y;a,0} and is called the generalized

Weyl Poisson algebra of rank n (GWPA) where X = (Xi,..., X,) and
Y =(Y,..., Y.

Maram Alossaimi (Sheffield University) Introduction in Generalized Weyl Poisso 19 — 21 October 2021 9/13




Lemma 7 [Bav2]

Let A= D[X,Y;a,0} be a GWPA of rank n. Let A = D[X,Y;9,0(a)] be a Poisson
algebra, d(a) = (01(a1), .. .,0n(an)) with Poisson bracket,

{Y;,d} = 0:(d)Yi, {Xi,d}=—0:(d)X:, {Vi,Xi}=0i(as), and

Then the elements X;Y; — a4,

L XnYn —an € PZ(A) and the GWPA
A= D[X,Y;a,0} is a factor algebra of the Poisson algebra A,

A= A/( XY — as,

S X0 Y —an).

Maram Alossaimi (Sheffield University)

[m]

=

Introduction in Generalized Weyl Poisso

19 — 21 October 2021

o™

10/ 13



Example 8 [Bav2]

The classical Poisson polynomial algebra P, = K[X;,...,X,,Y1,...,Y,] with
Poisson bracket {Y;, X;} = 0;; and {X;, X;} = {Y;,Y;} = 0 for all 4, j, where d;; is
the Kronecker delta function, is a GWPA

Pon, @ K[Hi,..., H,][X,Y};a,d},

where K[Hy, ..., Hy] is a Poisson polynomial algebra with trivial Poisson bracket,
a=(Hy,...,Hy), d=(01,...,0n) and 0; = % (via the isomorphism of Poisson

algebras

P, — K[Hi,...,H,][X,Y;a,0}, Xi— X;, Vi—Y;, XiYi— H;)

[m] [l = =
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