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A CONSTRUCTION OF AN ITERATED ORE EXTENSION
NO-HO MYUNG AND SEI-QWON OH

ABSTRACT. Let B be a Poisson algebra C[z1, ..., x| with Poisson bracket such that

{zj, @i} = ciwiz; + pji
for all j > 4, where ¢;; € C and pj;; € C[z1,...,x;]. Here we obtain an iterated skew polynomial
algebra such that its semiclassical limit is equal to B and the results are illustrated by examples.

1. INTRODUCTION

Recall the star product in [10, 1.1]. Let R = (R,{—, —}) be a Poisson algebra andleti@ e
alquantization'of 'R with a starproduct® Then Q is a C[[h]]-algebra R][[A]] such that for any
a,be€ R C Q= R[A],

a*b=ab+ Bi(a,b)h + Ba(a,b)h* + ...
subject to
(1.1) {a,b} = Y axb—bx*a)|—o,

where B; : R x R — R are bilinear products. In general, the star product is as follows: for any

f = ano fnhn7g = ano gnh" € Q
(Z fnhn)*(Zgnhn) _ Z FoghF ¢ Z B (fr, g BFHF™.

n>0 n>0 k,1>0 k,1>0,m>1

It is well-known that we can recover the Poisson algebra R = @)/hQ with Poisson bracket (L.I))
from @ since A is a nonzero, nonunit, non-zero-divisor and central element such that Q/hQ
is commutative. But it seems that the star product in @ is complicate and @ is difficult to
understand at an algebraic point of view since it is too big. For instance, if A\ is a nonzero
element of C then h — A is a unit in @ and thus Q/(h — A\)@Q is trivial. Hence it seems that we
need an appropriate F-subalgebra A of ) such that A contains all generators of ), h € A and
A is understandable at an algebraic point of view, where F is a subring of C[[A]].

Suppose that A is an algebra and let i € A be a nonzero, nonunit, non-zero-divisor and central
element such that A/hA is commutative. Then A/AA is a nontrivial commutative algebra as
well as a Poisson algebra with the Poisson bracket

(1.2) {@,b} = h~1(ab — ba)
for @,b € A/hA. Note that (L) is equal to (L2)). Further, if there is an element 0 # \ € C

such that & — X is a nonunit in A then we obtain a nontrivial algebra A/(h — A\)A with the
multiplication induced by that of A. The Poisson algebra A/hA is called atSemiclassicalilimitiof
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A and the nontrivial algebra A/(h — A\)A is calledvandeformationof A or A/hA in [5, 2.1]. The
element i € A inducing the Poisson algebra A/hA is called a regular element of A. Namely, by
a regular element i € A we mean a nonzero, nonunit, non-zero-divisor and central element of
A such that A/hA is commutative. (An anonymous referee suggested to use the terminology
‘regular element’ while several papers for semiclassical limits were written even though there
are many concepts for ‘regular element’ as in [12] and [6]. We hope that a nice terminology for
this concept is given.) In general, let A be an F-algebra generated by 1, ..., x, with relations
fi,.-., frand let A € C, where F is a subring of C[[#]] containing C[A] and f; are elements of the
free F-algebra on the set {x1,...,2,}. Assume that g|s—», fils=» make sense mathematically
for all g € A and i = 1,...,r. Denote by A, the C-algebra generated by x1,...,x, with
the relations fi|p=x,..., frln=r and let ¢ be the evaluation map from A onto A, defined by
g+ gln=r. Then ¢ is a C-algebra epimorphism and A/ker ¢ = Ay. In particular, if ker p # A
then A) is nontrivial and the multiplication of Ay is induced by that of A. We still call the
nontrivial algebra Ay a deformation of A/hA.
Let By be a Poisson C-algebra C[zq, ..., x| with Poisson bracket such that for all j > 1,

(1.3) {zj, 2} = cjivizy + pji,

where ¢j; € C and pj; € Clzy,...,2;]. A main aim of the article is to give how to construct an
F-algebra which is presented by an iterated skew polynomial algebra such that its semiclassical
limit is equal to the given Poisson algebra By.

Let ¢t be an indeterminate and let C[[t — 1]] be the ring of formal power series over C at t — 1.
Namely,

(C[[t — 1]] = {i bz(t — 1)i | b; € (C} .
=0

Note that C[[t — 1]] is an integral domain, that C[t] C C[[t — 1]] and that a nonzero element
Y2 bi(t —1)" is a unit in C[[t — 1]] if and only if by # 0. We assume throughout the article
that I is a subring of C[[t — 1]] containing C[t], namely

Cl CF C C[t - 1]).
Let
A1 = Flai][wo; B, o] - .- [Tr—1; Br—1, Vk—1]

be an iterated skew polynomial F-algebra and let i, vy be F-linear maps from Aj_q into itself.
In this article, we find necessary and sufficient conditions for Sy and vy such that there exists a
skew polynomial algebra Ay = Ag_1[zk; Bk, vk| under suitable conditions. (See Lemma and
Theorem 2.41) Hence, using induction on k repeatedly, we can get iterated skew polynomial
algebras from the result. Next we observe that ¢ — 1 is a regular element of A, and find a
condition such that the Poisson algebra By = C|x1, ..., z)] with Poisson bracket (I.3]) is Poisson
isomorphic to the semiclassical limit Ag/(t — 1)Ag. (See Corollary 2.8 and [3, §2].) Finally we
give examples illustrating the results.

Recall several basic terminologies. (1) Given an F-endomorphism /5 on an F-algebra R, an F-
linear map v is said to be a left 5-derivation on R if v(ab) = S(a)v(b)+v(a)b for all a,b € R. For
such a pair (8,v), we denote by R|z; (3, v] the skew polynomial F-algebra. Refer to [0, Chapter
2] for details of a skew polynomial algebra.
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(2) A commutative C-algebra R is said to be a Poisson algebra if there exists a bilinear
product {—,—} on R, called a Poisson bracket, such that (R,{—,—}) is a Lie algebra with
{ab,c} = a{b,c} + {a,c}b for all a,b,c € R. A derivation o on R is said to be a Poisson
derivation if a({a,b}) = {a(a),b} + {a,a(b)} for all a,b € R. Let a be a Poisson derivation on
R and let 0 be a derivation on R such that

(1.4) 6({a,b}) —{d(a),b} —{a,0(b)} = a(a)d(b) — d(a)a(b)

for all a,b € R. By [15, 1.1], the commutative polynomial C-algebra R][z] is a Poisson algebra
with Poisson bracket {z,a} = a(a)z + d(a) for all @ € R. Such a Poisson polynomial algebra
R]z] is denoted by R[z; a, d], in order to distinguish it from skew polynomial algebras. If & =0
then we write R[z;0], for R[z;0,4], and if § = 0 then we write R[z; o], for R[z;a,0],.

2. A CONSTRUCTION OF AN ITERATED SKEW POLYNOMIAL ALGEBRA

Set A; = F[z1] and let A,, n > 1, be an iterated skew polynomial F-algebra
Ap = Flz1][ze; B2, 2] - - - [0; B, Vn)-

By monomials in A,, we mean finite products of xz;’s together with the unity 1. A monomial X

is said to be standard if X is of the form
X=1or X =z, (1<ip<ig<...<ix <n).

Note that the set of all standard monomials of A,, forms an F-basis.
Let 8 and v be F-linear maps from an F-algebra R into itself. The following lemma is well
known, e.g. see [7, p.177].

Lemma 2.1. The following conditions are equivalent:
(1) The F-linear map ¢ : R — My(R) by

= (20 )

for all v € R, is an F-algebra homomorphism
(2) B and v are an endomorphism and a left 5-derivation on R respectively.

In an iterated skew polynomial F-algebra

A1 = Fla][xo; B, va] - - - [Tr—1; Br—1, Ve—1],
assume that 3;,v; (j =2,...,k — 1) satisfy
(2.1) ﬁ](:EZ) = a;iTi, aj; € F (1 <1<y < k‘)
(2.2) I/j(xi) = Uj; € A; (1 <i<j< k)

We are going to construct a skew polynomial F-algebra
Ay = Ap_a[zg; Br, vi] = Fla][za; Bo, va] - . . [y By vk]
such that Fj, v satisfy the following conditions
(2.3) Br(1) =1, Br(xi) = akiwi, ai €F - (1 <i <k —1),
(2.4) vp(1) =0, vgp(x;) = ug € A; (1<i<k-1).

The following statement gives us necessary conditions for the existence of the skew polynomial
F-algebra Ay = Ag_1[zk; Bk, vi| over Ag_;.
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Lemma 2.2. If there exists a skew polynomial F-algebra Ay, = Ayx_1[zk; Br, vi] such that By, vy
are subject to (2.3), (27)) then By, vy satisfy the following conditions
(2.5) Br(uji) = agjagiuj; (1<i<j<k),
(2.6) Ak T Uk + UkjTi = QjiUkiLj + Ak TiUk + I/k(u]‘i) (1 < 7 <j < k)
Proof. Let 1 <i < j <k — 1. Since B is an F-algebra endomorphism, we have that
Br(wjzi) = Bi(B)(wi)a; + vj(2:)) = anjapiaziviv; + B (uji)
and
Br(zjxi) = Br(x5)Br(wi) = axjarizjz;
= akjagi(Bj(xi)x; + vj(@i)) = agjaria;iviv; + apjarji
by 21)-(24]). Hence we get (2.35]).
Similarly, since vy is a left Bg-derivation, we have that
vi(zxi) = v(xg)x; + Br(x)) vk (25) = ugjzs + ag;ejug;

and
vi(zjes) = vi(Bj (i) + vi(2:)) = vilaziziz; + ugi)

= aji(v(wi)zj + Br(xi)vi(z;)) + vi(uji)

= QjiUkiTj + giajiTiug; + V(i)
by (ZI)-(24). Hence we get (2.0]). O
Lemma 2.3. For 1 <i < j <k—1, let all B;,vj,a;;,u;; satisfy (21), (22). Let By, vy be F-

linear maps from Ai_1 into itself subject to the conditions (2.3) and (24). If B and vy satisfy
(2:3) and (2.6) then the following conditions hold.

(2.7) Bre(5) B (wi) = BrBj (i) Br(x5) + Brvj(w4),

(2.8) Br(ag)vi (i) + vi(zs)zi = BeBi(wi)vi(s) + vib (i) + vevj(a:)
Proof. Since Aj_1 is an iterated skew polynomial F-algebra, the equations (27)) and (Z8]) follow

from (2.5]) and (2.6), respectively, by (2.1))-(2.4]). O

In the following theorem, we see that (2.5]) and (2.6]) are sufficient conditions for the existence
of the skew polynomial F-algebra Ay = Ag_1|xg; Bk, Vi) over Ag_1.
Theorem 2.4. For 1 <i < j<k—1, let all Bj,v;,a;i,uj; satisfy (21), (22). Given F-linear
maps B, vk from Ag_q into itself subject to (2.3), (24), if Br and vy satisfy the conditions (2.5),
(2.4) then there exists an iterated skew polynomial F-algebra
Ay = Ap_1([z; Br, vi] = Flo][w2; Ba, va] - - - [T; Bry V]

Proof. It is enough to show that there exist an F-algebra endomorphism £, on Agx_1 and a left
Br-derivation vy subject to the conditions (23) and (24). Note that the set of all standard
monomials forms an [F-basis of Ax_;. For any standard monomials z;, --- ;. € Ak_1, define
F-linear maps [ and v from Aj_1 into itself by
29 B =1, Be(wi--x,) = (ki) (ki 2i,),

r
(210)  we(1) =0, wp(mi, - mi) =Y (ariy i) - (Qrip Tig, i, (T, - - i, )-

=1

r
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Observe that these F-linear maps () and vy, satisfy ([2.3]) and ([2.4). We will show that the map
By defined by (2.9) is an F-algebra endomorphism and the map vy defined by (2I0) is a left
Br-derivation by using Lemma 2.1

Let F(Sk_1) be the free F-algebra on the set Sp_1 = {z1,...,2x_1}. Define an F-algebra
homomorphism f : F(Sx_1) — Ms(Ax_1) by

fla:) = (5’“(0”5") ”’“g(;x)> (1<i<k).

Let us show that

o= 3

for 1 <i < j < k. For any standard monomial X = z;, ---x;, in Ag_1, by (2.9) and (2.10),
T
ve(X) =D Bl - wip e (@i, (@i, - @)
/=1

r—1
= Zﬁk(ﬂﬂil c i U (T0) (i o )+ By ) ()
/=1
= (@i, - @i, )i+ Be(iy - i )vk(@i,).
In particular, if Xz; is standard (thus ¢, < j) then
(2.12) vip(Xz;) = Br(X)vg(z5) + vi(X)z;.
Let us verify first that

(2.13) F(X) = <5ng ) niX )>

for any standard monomial X = z;, ---x;,. in Ai_; of length r. We proceed by induction on r.
If r =1 then (2I3]) is true trivially. Assume that r > 1 and that (2.I3]) holds for any standard
monomial of length < r. Set Y =a;, ---2; _,. Then Y is a standard monomial of length r» — 1
and X = Yux; . Thus (23] holds as follows:

FX) = f(Va,) = f(YV)f(2,)
_ <5k(Y) Vk(Y)> </8k(xir) Vk@%))

(by induction hypothesis)

0 Y 0 X,
_ <5k(Y)ﬂk(xir) Br(Y)vk(wi,) + Vk(Y)l’z;)
0 Yz,

_ <6ng> ng(@) . (by @3), @)
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Let vj(x;) = > ,be Xy, where all by € F and X, are standard monomials of A;. Since f is an
F-algebra homomorphism, we have

Fwix:) = bef(Xo)
l

=Su (M) ovemm)
(Bk(Zz beXe) k(3 bzXz))
0

20 be Xy
_ (Brevi(wi)  vev(z)
0 vi(zi) )
Thus (Z.I1)) holds.
Note that Aj_1 is an F-algebra generated by z1,...,xr_1 with relations

xjx; — Bi(xi)r; — vi(xs) (1<i<j<k).
Namely, Aj_; is isomorphic to the F-algebra F(Sy_1)/I, where I is the ideal generated by
zjz; — Bi(xi)r; —vi(x;) (1<i<j<k).
Since f is an F-algebra homomorphism, it is easy to check that I C kerf by (27), (2.8) and
(2I0). Hence there exists an F-algebra homomorphism ¢ : Ay_1 — Ms(Ag_1) such that
¢(z;) = <ﬁk8%) ngl)>

for 1 < i < k. By Lemma 21l (; is an F-algebra endomorphism on Ay _; and vy is a left
Br-derivation on Ap_1 as claimed. O

Remark 2.5. Retain the notations of Theorem [2.4]
(1) If ag; # 0 for all 1 < i < k then [y is a monomorphism.
(2) fuj; =0 forall 1 <i< j <k then [2) and (2Z6) hold trivially.
(3) If Ap—1 is commutative and ag; = 1 for all 1 < i <k — 1 then (23] and (2.6]) hold.

Proof. (1) Note that 3;, v; are F-linear for all ¢ = 1,..., k. Let f = >, a;X; € Ap_1, where
a; € F and X; are standard monomials for all 7, and suppose that 8;(f) = 0. Then 5x(X;) = b;X;
for some 0 # b; € F by (2.9) and thus

0=B8k(f) =) abiX;.

It follows that all a; = 0 since the standard monomials of Ay form an F-basis. Thus f = 0.

(2) Trivial.

(3) Since Aj_; is commutative, uj; = 0 and aj; = 1 for all 1 <i < j <k —1 and thus (23]
and (2.6 hold. O

Theorem 2.6. Let Ay = Flz][x2; B2, 1] - .. [xk; Bk, vi] be the iterated skew polynomial F-algebra
in Theorem [2]]. Suppose that F/(t — 1)F is isomorphic to C, that t — 1 is a nonunit and non-
zero-divisor in Ay, and that

(2.14) Gj; — 1e (t — 1)F, I/j($i) S (t — 1)Ak
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for all1 < i < j < k. Thent—1 is a regular element of Ay and the semiclassical limit
Ay = Ay /(t — 1) Ay is Poisson isomorphic to an iterated Poisson polynomial C-algebra

Cla1][z2; a2, 62]p - - - [Tk ks, Ok,

where

(2.15) aj(zi) = < dt” |t:1> zi, Oj(w;) = dyil(txi) |t=1

forall 1 <i < j <k. (Derivatives are formal derivatives of power series int —1.)

Proof. Note that Ay, is generated by x1,...,x and that t —1 € F C Ai. Hence t —1 is a nonzero
central element of Aj. Since

(2.16) TjT; — LT = ﬁ](l‘l)$j + I/j(l‘i) — LT = (aji — 1)l‘i$j + l/j($i) S (t — 1)Ak

by @ZI4), A} is a commutative C-algebra and thus t — 1 is a regular element of Aj. Moreover
we have

{Z), 7} = (t = 1)~ (zjm; — wiz))

= (azi__;) i + (?E?) (by [2.16))
(

daj; _ dv;(z;)
— (% )+ (P42m) v @I)
for all 1 <7 < j < k. Hence the result follows. O
For each positive integer k, we will write By, for the commutative polynomial ring Clzx, . .., zk].

Lemma 2.7. Let By, = Clxy,...,x] be a Poisson algebra satisfying the following condition: for
any 1 <i<j<k,
(2.17) {zj, wi} = cjiwiz; + pji
for some c;; € C,pj; € B;. Then By, is an iterated Poisson polynomial algebra of the form
(2.18) By, = Cla1][z2; a2, 02]p - - . [Tk; 0k, Ok p,
where

aj(zi) = cjiwi,  6j(xi) = pji-

Conversely, if By is an iterated Poisson polynomial algebra of the form (218) then By is a
Poisson algebra satisfying the condition (2:17).

Proof. Suppose that By is a Poisson algebra satisfying the condition (2.I7)). Define derivations
ag, O on By_1 by

k—1 P k—1 P
W= Chiz— Oh= Priz—
i=1 O i=1 O
Then «y is a Poisson derivation, d is a derivation and the pair (ag, dx) satisfies (I4) by [I5]
1.1] since By, is a Poisson algebra. Thus By, is a Poisson polynomial algebra
By, = Clx1, ..., 2p_1][Tr; ok, Opp

over the Poisson subalgebra By_1 = C[zq,...,zk_1]. The result follows by induction on k.
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Conversely, if By is an iterated Poisson polynomial algebra of the form (2.I8) then By is
clearly a Poisson algebra satisfying the condition (Z.I7]). O
Corollary 2.8. Let By be an iterated Poisson polynomial C-algebra

By, = Clay][w2; a2, 2] - . - [T ok, Ok
such that
Oéj($i) = CjT; (Cji € (C), 5](332) € (C[l‘l, c ,:Ei]
forall1 <i<j <k and let
aji € I, Uji € F[l‘l, c ,:Ei]

such that
da ii
aji— 1€ (t—1)F, 7 l=1 = i,
(2.19) du
Uji € (t — 1)IF[.%'1, L ,a:i], d; ‘tzl = [@(az,)],
where [0j(x;)] is the C-linear combination of §;(x;) by standard monomials of x1,...,x;. Set

Ay = Flxy]. Suppose that F/(t — 1)F is isomorphic to C and that t — 1 is a nonunit and
non-zero-divisor of an iterated skew polynomial F-algebra

A1 = Flay][wo; B, 0] . .. [Tp—1; Br—1, Vk—1]

such that all Bj,v; satisfy (21) and (22). If F-linear maps By, vy on Ax_y1 subject to (2.3) and
(2-4) satisfy (2.0) and (2.6) then there exists an iterated skew polynomial F-algebra

A = Ap_1lzr; Br, vi] = Fla][z2; Bo, va] - [Th—1; Br—1, Vk—1][Tw; Br, vi]
and t — 1 is a reqular element of Aj such that By, is Poisson isomorphic to the semiclassical
limit A /(t —1)Ay.

Proof. By Theorem 2.4] there exists a skew polynomial F-algebra Ay = Ap_1[zk; Bk, vk|. Since
t—1 is still a nonunit and non-zero-divisor in Ay, it is a regular element of Ay and the semiclassical
limit Ay /(t — 1)Ay is Poisson isomorphic to By, by Theorem O

3. EXAMPLES

In this section, we give examples which illustrate that Ay is an iterated skew polynomial
F-algebra such that Ay/(t — 1)Aj is Poisson isomorphic to a given Poisson algebra Bjy. The
first four examples appearing in [I1] are Poisson Hopf algebras presented by iterated Poisson
polynomial algebras. We are interested only in their Poisson structures because we have not
found a formal way to give Hopf structures in their deformations yet.

Example 3.1. In [11, Example 3.2], B = C|x1,z2,x3] is a Poisson algebra with the Poisson
bracket
{z2, 71} =0, {z3,21} = Aiz1, {23,272} = Aa171 + A22w2,
where Ay, € C. Observe that B is a Poisson polynomial C-algebra
B = Clz1, z2][x3; d3]p,

where
I3(x1) = A1z, 03(z2) = A1z1 + Agaza.
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Set F = C[t] and
(3.1) az1 = azp =1, uz; = fridnzr € Flzy], uga = fardaix1 + faadooxs € Flzy, 22,

where fy,, € (t — 1)F with d];%’tzl = 1, for example, fy,, = (t — 1)tVem for some nonnegative
integer Ny,,. By Remark 2.5(3), the F-linear maps (3 and v3 on F[z1, z2] defined by

Bs(x;) = x4, vs(x;) = us; (i =1,2)
satisfy (2.5) and (2.6]). Hence, by Theorem 2.4] there exists a skew polynomial F-algebra
A = TFlxy, za[xs; v3].
Moreover t — 1 is a regular element of A and thus B is Poisson isomorphic to the semiclassical

limit A/(t —1)A of A by Corollary 2.8 since all a;;, u;; satisfy (2.19]).

Example 3.2. In [I1, Example 3.3|, B = C[x1, 22, 23, z4] is a Poisson algebra with the Poisson

bracket
{9, 21} = {x3, 21} = {x3,22} =0,

{z4, 21} = A1y,
{24, 2} = Aa1m1 + A2,
{4, 23} = A3121 + Az2x2 + (A11 + Ag2)z3,
where Ay, € C. Observe that B is a Poisson polynomial C-algebra
B = Clz1, x2, x3][24; 04]p,
where
04(x1) = A11w1, 04(w2) = Ao1@1 + Aoz, 04(w3) = A3121 + Aoz + (A11 + Ao2)w3.
Set F = C[t] and
aq1 = ag2 = a43 = 1,
ugr = fridnzy € Flay],
ug2 = fa1do121 + faadaowa € Flxy, 9],
w43 = f31A3171 + f32A3272 + (fridi1 + faodeo)z3 € Flw1, 22, 23],

where f, € (t — 1)F with d]ffg” lt=1 = 1. By Remark 2.5(3), the F-linear maps (4 and v4 on
Flx1, x9, x3] subject to

(3.2)

Ba(xi) = xi, va(wi) = ugi (i =1,2,3)
satisfy (2.5) and (2.6]). Hence, by Theorem 2.4] there exists a skew polynomial F-algebra
A = Flzq, z2, x3][14; 14].
Moreover t — 1 is a regular element of A and thus B is Poisson isomorphic to the semiclassical
limit A/(t —1)A of A by Corollary 2.8 since all a;;, u;; satisfy (2.19]).
Example 3.3. In [T, Example 3.4], C = C[¢gT!, 2] is a Poisson algebra with the Poisson bracket

{z, 9} = g,
where A\ € Z. Let D = C[g,h,z]. Replacing ¢~! in C by h in D, D is a Poisson algebra with
the Poisson bracket

{g,h} =0, {z,9} = \gz, {z,h} = —Ahx,
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namely D = Clg, h][z; o], is a Poisson algebra by [15], 1.1], where a = )\ga% - )\ha% in Clg, h].
Note that the ideal (gh — 1)D is a Poisson ideal such that D/(gh — 1)D is Poisson isomorphic
to C.

Set F = C[t,t"!] and a = t}. By Remark [Z5(2) and Theorem 2] there exists a skew
polynomial F-algebra A = F|g, h][x; 8] such that gh — 1 is a central element in A, where

B(g) = ag, B(h) = a™'h.

Set B = A/(gh — 1)A and note that t — 1 is a regular element of A and B. The semiclassical
limit A/(t — 1)A is Poisson isomorphic to D by Corollary 2.8 since
da -1 da=1
E’tzl =X\ a —1e(t-1)F, 7&:1 ==
and the semiclassical limit B/(t — 1)B is Poisson isomorphic to C.

a—1¢€e(t—1)F,

Example 3.4. In [I1, Example 3.7], C = C[E, F, K*!] is a Poisson algebra with the Poisson

bracket
{E,K} = -2KEF,

{F,K} = 2KF,
{F.E} = %(K‘l ~K).

Set D = C[E, F,H,K]. Replacing K~! in C by H in D, it is observed that D is a Poisson
algebra with Poisson bracket

{H,K} =0, {E,H} =2HE,
(E,K} = —2KE, {F H}=—2HF,
1
and that the ideal (HK — 1)D is a Poisson ideal such that D/(HK — 1)D is Poisson isomorphic
to C. In fact, D is an iterated Poisson polynomial C-algebra
D = C[H, K|[E; as|p[F; o, 64]p,

where

a3(H) =2H, a3(K):_2K7
O44(‘[{) = —2H, a4(K) = 2K, a4(E) =0,
1
64(H) =0, 34(K) =0, 04(E) = 5(H ~ K).
Set F = C[t,t"!] and s = Yiso(l —t)" € C[[t — 1]]. Since ts = s — (1 —t)s = 1 in C[[t — 1]],
we have that ! = s and thus C[t] ¢ F c C[[t — 1]]. Set

az1 =17, azp=t"% an=t2 ap=t, ap=1,
(3.3) 1 .
us1 :0, Uus32 :0, g1 :0, U492 :0, Ug3 = Z(t_t )(H—K)

Then there exists a skew polynomial F-algebra F[H, K|[E; 53] by Remark [2.5)(2) and, applying
Theorem [2.4] there exists an iterated skew polynomial F-algebra

A =TF[H,K|[E; 33][F; B4, v4],
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where
Bs(H) =t°H, p3(K)=1t"K,

ﬁ4(H) = t_2H7 64(K) = t2K7 ﬁ4(E) = E7

V(H) =0,  w(K)=0,  wi(E)= i(t _Y(H - K).

Moreover the element HK — 1 is a central element of A and ¢t — 1 is a regular element of A and
B =A/(HK —1)A. Note that the semiclassical limit A/(t —1)A is Poisson isomorphic to D by
Corollary 2.8 since all a;;, u;; satisfy (ZI9]). Observe that the semiclassical limit B/(t — 1)B is
Poisson isomorphic to C.

Let 0,+1 # ¢ € C. Then t — ¢ is a nonzero and nonunit in A and B. The deformation
B, = B/(t — q)B is a nontrivial C-algebra with the multiplication induced by that of B, which
is isomorphic to Uy (slz(C)) in [1, 1.3.1] as shown in [§] 4.5].

Proposition 3.5. Fiz h € By = Clxy,x2,x3] with degree < 3. By [9, Proposition 1.17], Bs
becomes a Poisson algebra with Poisson bracket

Oh  Oh  Oh
(3-4) {figh=det| 5o 725 725
99 99 g
8m1 8932 8m3

for f,g € Bs. Suppose that the Poisson bracket of Bs satisfies the condition (Z.17). Then h is
of the form

h = Azixoxs + pas + frze + fo,
where A\, u € C and f1, fo € Clz1] such that deg f1 < 2 and deg fo < 3.

Proof. Note that the Poisson bracket of Bj is as follows:

oh
3.5 - -
(3.5) {21, 22} o

oh

3.6 -
(3.6) {21, 23} o

oh
(37) {ZE2,$3} = 8—$1
By (33) and (2I7), we have that g—g ={z1,22} = —ca17129 — p21 and thus
(3.8) h = —(ca1z129 + P21)23 + f,

where co1 € C, po; € C[z1] with degree < 2 and f € Clzq, z2] with degree < 3. By (B.09), (B.8)
and (2.I7), we have

of
310123 + p31 = {23, 21} = —co12103 + P
and thus g—mé = p31 € Clxq]. Tt follows that f = p31z2 + fo and thus
(3.9) h = —(ca1z122 + p21)x3 + p172 + fo

by B8], where fy € C[x;] such that degps1 < 2 and deg f2 < 3. By (8.7) and (3.9), we have
that

/ / !
—C30%2%3 — P32 = {T2, T3} = —C21X2x3 — Py T3 + P31 22 + fo,
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= g—ﬁ, and thus ps; € C. Hence h is of the form

h = Azyzows + pws + five + fo
for some A\, u € C and f1, fo € C[z1] with degf; < 2 and degfs < 3, as claimed. O

/I _Opa1 1 _
where py, = Jo P31 = e

N~

Example 3.6. Retain the notations of Proposition B.5l Suppose that degf; = 0, namely f; € C.
By (B84]), Bs is a Poisson algebra with the Poisson bracket

{z2, 21} = —Az120 — 1, {23, 21} = Awrxs + f1, {23, 22} = —Awoxz — =—.

63)1

Hence Bg is an iterated Poisson polynomial C-algebra
Bs = Clz1][x2; a2, d2]p[z3; 3, 03]
by [15] 1.1], where

az(x1) = —Az1, ag(z1) = Az, as(@z) = —Aze,
0

52(:131) = —U, 53(:171) = f17 53(:1;2) — _8—f2

€1

Let F = C[[t — 1]] and let U(F) be the unit group of F. Note that ¢ — 1 is a nonzero, nonunit
and non-zero-divisor of F. Fix A € U(F), 1, f1 € F, g € F[z4] such that

A—1€(t—1F, @i fie(t—1F, g€ (t—1)Fz],
(3.10) é, _ dp, d_fl, —f d_ﬁ, _9f
dt t=1 = A, dt t=1 = K, dt t=1 = J1, dt t=1 = 8:171'

(Such ones exist. For example, A = Xt~ = (t — D), fr=(t—1)f1, 5= (t — 1)2—9{?.) Set

(3.11) [P X_l, u21 = —,17.
The F-linear maps (2 and v5 on Flz] defined by

Ba(w1) = ammy = X tay, va(z1) = ugy = —i
satisfy (2.5) and (26]) trivially. Hence there exists a skew polynomial F-algebra Ay = Fx1][z2; B2, v2]
by Theorem 2.4
Set
azr =X, ag=\"1

(3.12) N N
uzr = f1, uz2 = —g.

Since ug1,ug1 € F, ugy € Flx] and agll = a91 = agg, the F-linear maps {3 and r3 on Ay subject
to

Bs(z1) = az;iw1 = Aw1, B3(x2) = azexs = ALy,

v3(x1) = u31 = fi, v3(r2) = ugp = —g
satisfy (2.5) and (2.6]). Hence, by Theorem 2.4] there exists a skew polynomial F-algebra

Az = As[x3; 83, v3] = Flo1][z2; B2, va][73; B3, v3].

Note that ¢ — 1 is a regular element in As. Thus the semiclassical limit Ag/(t — 1)As is Poisson
isomorphic to B by Corollary 2.8 since all aj;, uj; satisfy (Z19) by (B.10).
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For every 1 # ¢ € C, t — ¢ is a unit in F = C[[t — 1]] and thus A3/(t — ¢)As is trivial.
Hence, in order to find nontrivial deformations, we need a suitable subalgebra A% of Az such
that deformations A%/(t — q) A% are nontrivial, as one sees below.

As a special case, let F = C[t,t ] and A= —2, u=2, fi =2, fo =2z;. Then

h = —2x1x9x3 + 223 + 229 + 221
and Bs is a Poisson C-algebra with the Poisson bracket
{zo, 21} = 21209 — 2, {23, 21} = —2m123 + 2, {23,229} = 20023 — 2.
Setting N N
A=t p=t*-1, i=—(t"2-1), g=t>—1,

there is an F-algebra As = F[x1][x2; fo, va][x3; B3, v3] such that

Ba(z1) = ag w1 = 2wy, Bs(z1) = az1w1 = t 221, Bs(x9) = agawa = t%xs,

va(zy) =ugy = —(t2 = 1), 13(xy) =us = —(t"2—1), w3(xy) =uss = —(t2 — 1).
Note that Ag is the F-algebra generated by x1, x2, 3 subject to the relations
(3.13) 2r1m0 — woxy = t2 — 1, tPwgxy — w3 = t2 — 1, t2woxws — x3we = 12 — 1.
Let 0,1 # ¢ € C and let A% be the deformation Al = A3/(t — q)As of Bs. Then Al is the
C-algebra generated by 1,2, 23 subject to the relations obtained from B13) by replacing t
by ¢q. Observe that the set {z4|i = 0,1,...} is an Ore set of A by the second and the third

equations of (3I3). The localization Ad[z5!] of A% at {a%]i = 0,1,...} is isomorphic to U, (sls)
by Ito, Terwilliger and Weng [16], which is Y; in [8] 4.5].

Example 3.7. Asin [5], 2.2], we find a quantization and deformations of a well-known Poisson
algebra By = Clz1, 22, ..., Tok_1, xor] with Poisson bracket

k
{f,g}:z( 0f 99 . 09 3f),
=1

O0xi—1 Ox2;  Oxi—1 Oxy;

which is called Poisson Weyl algebra in |2, 1.1.A] and [14] 1.3]. Since Bj is a Poisson algebra

with Poisson bracket
1, ifj=20,i=20—1,

{wjowi} = {0, otherwise
for j > i, B}, is an iterated Poisson polynomial algebra
By, = Cla][z2; 62]p - - - [Tar—1]p[Tar; O2k]p,

where
1, ifi=20—1,

®mw:{aiﬁ¢%—L

Set F = CJ[t] and let
t—1, ifj=20i=20—1,
(3.14) Qg5 = 1, Uj; = {0

otherwise

for all 1 <i < j < 2k. By Theorem [2.4], there exists an iterated skew polynomial F-algebra

Ay, = Flo][xo;va] . . . [Top—1][T2k; var],
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where
t—1, ifi=20-1,
WA”):{O, if i 20— 1.
Thus Ay, is an F-algebra generated by x1,xo,...,Zor_1, ok subject to the relations
t—1 ifj=20i=20—-1
(3.15) Lyt T Ty = { 0 otherwise,

which is the algebra appearing in [I3, Proposition 3.2]. For each 0 # X € C, a deformation
Ay = A /(t—1— ) Ay is a C-algebra generated by x1,xa,. .., Tok_1,Tor subject to the relations
N, ifj=20i=20—1,

Tl — T = .
Jer e {0, otherwise.

Hence we get a family of infinite nontrivial deformations {Ax|0 # A € C}, all of which are
isomorphic to the k-th Weyl algebra by [13], Proposition 3.4].

Note that t—1 is a regular element of Aj. By Corollary 2.8] the semiclassical limit Ay /(t—1) A
is Poisson isomorphic to Bj since

g duss
—li=1 =10, uji € (t—1)A;, ﬁh:l = [65(z4)].

Example 3.8. Let By be the Poisson Weyl algebra given in Example B.71 Set F = C[[t — 1]]
and

(3.16) Qg5 = {

for all 1 <¢ < j < 2k. Note that aj;, uj; € IF by elementary calculus.
We will show by induction on k that there exists an iterated skew polynomial F-algebra

aj; — 1€ (t — 1F,

cos(t — 1), if i+ jis odd, sin(t — 1), ifj=20i=2(—1,
’LLjZ' = .
0, otherwise

sec(t — 1), if i+ j is even,

Ay, = Flz][zo; Bo, o] - - [war—1; Bok—1] [T ks Bak, vak),
where
Bj(w:) = ajiwi, vi(w:) = uj;
for all 1 < i < j < 2k. If K = 1 then there exists the skew polynomial F-algebra A; =
Flx1][z2; B2, v2] trivially by Theorem 2.4l Suppose that k& > 1 and assume that there exists an
iterated skew polynomial F-algebra Aj_;. Note that, for any positive integers 1, j, ¢,
i+ j is odd if and only if

(3.17) (¢ +jis odd and ¢+ i is even) or (£ + j is even and £ + i is odd).

Observe that F-linear maps far—1 and vop_; satisfy (2Z6]) trivially since vor_1(uj;) = 0 and
ugk—1,, = 0 for all 1 <i < 2k—1 and that they also satisfy (23] by [B.I7) since Bar—1(uji) = ujs.
Hence there exists a skew polynomial F-algebra Ay_1[zok_1; for—1] by Theorem 2.4l For F-linear
maps (o, and vy, they satisfy ([2.5) and [2.6) by BI7) since Sog(uji) = uji and vor(uj;) = 0
and thus there exists Ay = Ax_1[Tor—_1; Bok—1][T2k; Bk, vor] by Theorem 241

Note that t—1 is a regular element of Aj. By Corollary 2.8] the semiclassical limit Ay /(t—1)Ag
is Poisson isomorphic to Bj since
daji

dt

du i
li=1 =0, ujs € (t — 1)A;, —F|i=1 = [6;(s)]

QAji — 1e (t — 1)F, at



A CONSTRUCTION OF AN ITERATED ORE EXTENSION 15

by elementary calculus.

Note that A is an F-algebra generated by x1,2o,...,Tor_1, T2k subject to the relations
Topxor—1 — cos(t — 1)wop_1w9p = sin(t — 1), (L=1,...,k),
rix; —sec(t — V)x;z; = 0, 1 <7, 9+ jis even),
(3.18) Jji ( ) iy ( J J )

#j@i = cos(t = Dagz; =0, if j = 2¢ then i £ 20— 1

For any 0 # q € C,t — 1 — ¢ is a unit in Ay and thus Ay /(t — 1 — q) Ay, is trivial. It follows that
we need an appropriate subalgebra of Ay, to find a nontrivial deformation. For instance, let A)
be the Clt]-subalgebra of Aj generated by x1,x2,...,%ok_1,T2,. Evaluating A) to m at ¢t — 1,
we have a deformation A} which is the C-algebra generated by 1,2, ..., Zar_1, T2; subject to
the relations

<i<j,z'+jisodd, >

zjx; + xix; =0 (5 > 1)
by [BI8). In this case the evaluation map ¢ from Aj onto A7 defined by f — fli—i—r is a
C-algebra epimorphism and thus Aj / ker ¢ = AT.
Example 3.9. The commutative C-algebra B = Clz1,...,z,] is a Poisson C-algebra with
Poisson bracket
{zj, 2} = wizm;
for all 1 < i < j < n by [4 Example 4.5]. Note that B is an iterated Poisson polynomial
C-algebra
B = Clzy][z2; azlp - . . [Tn; anlp,

where aj(x;) = a; for all 1 <i < j <n.

Set F = C[t] and ag; =t for 1 < i < k <n. Then, by Remark 2.5](2) and Theorem [2.4], there
exists an iterated skew polynomial F-algebra

A = Flz][w2; B2] - - - [70; Bl
where S(z;) = agx; for all 1 < i < k < n. Note that t — 1 is a regular element of A. By
Corollary 2.8 A/(t — 1)A is Poisson isomorphic to B since
dag;
dt

Let 0,1 # ¢ € C. The deformation A; = A/(t — q)A of B is the C-algebra generated by
1,...,Ty subject to the relations

ap; — 1 € (t — 1)F, ’tzl = 1.

l‘jl‘i = q:Eij
for all 1 < i < j < n, which is the coordinate ring O,(C") of quantum affine n-space in [1}, 1.2.1].

Example 3.10. A Poisson 2 x 2-matrices algebra is the coordinate ring of 2 x 2-matrices,
O(M5(C)) = C[z,y, z,w], with Poisson bracket

{r,y} =y, {v,z} =2z, {z,w}=2yz
{v,2} =0, {y,w}=yw, {zw}=zw
by [4, Example 4.9]. Note that O(M3(C)) is an iterated Poisson polynomial C-algebra
O(M3(C)) = Clyl[2][z; aslp[w; o, dalp,
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where

as(y) =y, as(z) =z
044(y) =Y, O44('2) = =z, a4(x) - 07
da(y) =0,  d4(2) =0, da(x) =—2yz

Set F = C[t,t"!] and
az =1, asy = t,
ugr =0,  uzx =0,
(3.19) ag =ag;, aup =az, a3 =1,
ug1 = 0, ugo = 0, ugz = —(t — t_l)yz.
We show that there exists an iterated skew polynomial F-algebra
A = Fly, 2][x; Bs][w; Ba, val,
where
Bs(y) = asny, Bs(z) = asez,
(3.20) Baly) = aglly, Ba(z) = agzlz, Ba(x) = a3z,
va(y) =0, vy(z) =0, vy(x) = ugs.

By Remark [2.5(2) and Theorem 2.4, there exists a skew polynomial F-algebra Fly, z][x; 83]. Note
that F[y, z] is commutative and w43 € Fly, z], asoass = ag1a31 = 1. Hence F-linear maps 4 and
vy satisfy (2.5) and (2.6) and thus there exists an iterated skew polynomial F-algebra A by
Theorem 241 Note that t —1 is a regular element of A. Hence the semiclassical limit A/(t —1)A
is Poisson isomorphic to O(M(C)) by Corollary 2.8 since all a;;, u;; satisfy (2Z19).
The deformation
Ag=A/(t = q)A, (0,1#¢q€C)

with multiplication induced by that of A is the C-algebra generated by x,y, z, w subject to the
relations

Y =Yz, Ty = qyz, Tz = qzx,

yw = quy, 2w =quwz, Tw—wr=(q—q  )yz.
Following [I}, I.1.7], A, is the quantum 2 x 2-matrices algebra O,(M2(C)) as expected.
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