
 

Lecture 1 Poisson Liegroups
and Lie bialgeboes

DEI A Poisson Lie group
is a Lie group

G with a

Poisson bracket
Such that the multiplication
map Gx G G is Poisson

same definition is made

for complex Liegps algebraic
groups formal groups
This means if f g regular
functions on G then

f g xy f g3dxy f g Good

In terms of Poisson bivector

M of G M E T G RTE

G May 176dg xD y

In particular setting x y e



p g
we get
Ale Tle Tle Me 0

Thus e is a symplectic leaf off

Poisson Lie groups form
a

category PLG objects
real Poisson Lie groups
morphisms Poisson homomorphis

Similarly can define PLGe

Prof The inversion map i GG

of a Poisson tie group G

is anti Poisson i e

Litt i g3 É f g
PI Set y

act in 1

We get
17 Good xD od 17 e o

Mpa se Mao



But d i 7 1 08 IT GT
composition of left and right
translation by x with a minus sign
as FIXES XIS DET XIE

Thus 2 means exactly that

thebmainmttbifstudy.tt
Lie groups is passing to the

Lie algebra and in fact the

fundamental theorems of Lie
theory tell us that the

category of simply connected

Lie groups
is equivalent

to the category of finite
dimensional Lie algebras
So let us see what
structure on Lie G is induced
by a Poisson Lie structure



y
on G This leads us to

tianya.to p
qetra

manifold with e EX such

that Tle 0 We claim that

in this case
g TEX

has a

natural Lie algebra structure

Indeed in this case the

maximal ideal IE CTX
of functions vanishing at e

is closed under the Poisson
bracket so it is a lie

algebra and I CI

is an ideal in this Lie

algebra to THX 2
e

is a Lie algebra I e the

linear approximation of a



Poisson manifold X near

a zero e of the Poisson bracket

is the dual space of of

Intiepilitiargestisttha
if G is a Poisson Lie

group then not only g
Lieb

a Lie algebra but also

of is a Lie algebra i e

We have the commutator

map
3g Roy of

Dually this can be expressed
as a co bracket or

co commutator S die
r g Roy



And the Jacobi identity
for Joy translates into the

co Jacobi identity for 8
Alt aid 84 0 3

a rector space of
with a linear map
8 g My satisfying

III aidentist
compatibility

condition

Prof J a b faaltloxa 8lb t

Sla bolt lab 4

PI Trivialize TG by right translations

this will allow us to replace



M as a function I G Roy
namely take JT x MAX

then
p g y't xMly y't't May J's
i e x2 x ICHI x

Floy XJly act Jfc

Jilxy TA AdÉT y

Also

Ilya J ly Ady Tko
Now take eta yttttetetabi
a be of subtract

LHS
p feta etb I letb eta

Edie Ca b to E

E 063

RHS
H AYIIM ladeta DM.tt
t adbt tola t that table



I

Efaaklaa J b botlobaD

pef.tn Yebialgebraisat
Lie algebra of

with a

Lie coalgebra structure 8

which satisfies the

compatibility condition 4

Clearly Lie bialgebras form
a category LBAR or LBAa

Prof The assignment
or any
ground

G Lie 6,8 is a functorield

E.ie
t i

structure 3 0 on any G

Then 8 0

2 2 dimensional Lie bialgebras



b basis
8,8

8

Ex y y
What are Lie bi algebra
structures

8 g Ng 14 47 a pek
8 x 2xny Sly pxny

Co Jacobi holds since My 0
Compatibility condition also

vacuous easy exercise

Get Lie bialgebras By p
Ere bag bop if p 0

and 52,0251 for 240

symmetries x txt ty
yay

3 of she basis h 891

e 8 7 198



he Ze h f 2f Lef h

8 e Leah Eff Efnh
8 h O standard structure

corr to quantum groups
Can replace I by a scalar B
Gives a l parameter family
of non equivalent structures

Subalgebra b she Chef

is a subhialgebra isomorphic

pÉ

Itlg C

a finite dimensional Lie bialgebra

then lot St is a

Lie bialgebra I e category of
f Ilie bialgebras is anti equivalent
to itself

Pe



PI Jacobi a co Jacobi

The self duality of compatibility
condition

7
T I

8 La b aah laa o bHola baklab

E IEEE
b

Fe
m

Thin Lie The functor Grolier

is an equivalence between

the category of simply
connected

Lie groups over 112 and the
ore

category offhie algebras
the Drinfeld The functor

al



G Chie G is an equivalence

i

in char
but not for algebraic group

FNeedtawthstor
is essentially surjective

and

fully faithful
Full faithfulness is easy
Hom Ge G Hom LBA Ge Ga

PLO
g Lie Gi

Exercise

Most nontrivial part
Every fad Lie bialgebra oft
comes from a Poisson Lie

group
By fund thm of Lie theory

we already have a simply



y
connected hie group

G corr

to og so we just need to

put on G a Poisson Lie

structure So we want to

define Tl ort on G sit

die 8

Cohomological interpretation
V a G module

groundH GV Exttalk V
I

classifies short exact

sequences extensions

o vow k o

So W V 0k as a vector

space

Pw g 1 Ti Got

This is a rep Pwg pulpit



if and only if
I xy TG TASTILY

s

Def A function J Gov

such that 5 holds is called a

1 co cycle of G with coefficients

int The space of such
cocycles is denoted by Z'GV
Example I co boundaries Adv

FM v Xv VET

TINY v xyv v xvtx v yr

D G XTILY
The space of 1 coboundaries
is denoted B G V CZ GV

The quotient H GV 2
B'CGD

is called the first cohomology



group of G with coefficients int

It is easy to show that

two l co cycles define the

same extension short exact

sequence up to isomorphism

they differ by a cobounday

Jin Ji do Thus H GV
classifies such extensions

Remard If G is a topologicalcont
group IR or E Lie group represent

one can require coyotes
smooth
holomor

to be continuous smooth Phin

holomorphic Then the

correspondingH will classify extensions

in the relevant category
There is a similar story

for hie algebras S a b
2 og V 8 of V1 ask boca



B of V 81 Sla ar wer

H'log V Z GV B'Coy V

Thus we see that the compatibility

condition for Lie bialgetas
is just the condition that

8 is a l cocycle
JEZ of Roy
here we care about actual

cocycle not just cohomology
Similarly the condition for
Poisson Lie structure is

TINY JIG AdETily

T1 G Roy is a l cocycle

So our job is just to show

that a t co cycle for hie

Integral d



algebras can be lifted integrated to a

1 co cycle for hie groups
As with any integration
problem we have to solve

some differential equations
But it turns out that they
have already been solved

for us by hie we can interpret

this problem as a problem of

lifting homomorphisms which
is possible by the

fundamental theorems of
Lie theory
For this use the notion

of semi direct product
VA G V X G as a manifold

set

but with twisted product
Ga ga v2 g mtg v2 gig



Similarly for hie algebras
Lie VX G V of as a space
but bracket is twisted

I as Cuz az air art Canal

Prof Li Ji Gov is a t coyote

g Mlg g
is a group homomorphism
G V46
2 8 of

V is a l couple

a Sla a

in a hie algebra homomorphism

exercise Of V Ag

Cot Any SEZ ay Dysinger
gives rise to JEZ GV
regular with dote 8

PI Turn 8 into homom

I



F of ray exponentiate it2nd fund
to JT G V96 then of Lie the

g IG g extract Tg

For Lie bialgeless we

take V Boy this shows

the existence of Ji G Boy
a l co cycle with dress
But we still need to show

that J defines a Poisson

bracket lie satisfies the

Jacobi identity i.e 17,173 0

We'll show that 17,17 gives
rise by right translations

to

G Roy which is a l coyote

and dye Alt said 8 0

So since we have'easa bijection



between regular l co cycles for the

group and I coyotes for the
Lie algebra we'll obtain that

ÉImaÉ É
is a l co cycle

f g og f g3x g f g3y ay

IT is a 1 coyote
Similarly 3 is a l co cycle

Alt If g3 h boy
Alt f g3 h

x ay t

Alt f g y
h yGy

This is equivalent to saying
that cross terms vanish

Alt Sf g3x h y
Alt Sf g y

h 349 0



1 HS

Ep Dijk Mrs F

Alt or.ydixf.dj.xg.os.gl
r

goshAlt di xt.dr.ydjpg.gsyh
differby

Etty Poison.ge os.yg 0j.xh

i
tt

and proved Drinfeld's theorem

But how to compute this I

We have

J xeta STIX Adx Aleta

Differentiating
6 Last x Adx Sla

La is the infinitesimal right
translation by a i e the left invariant
vector field corresponding to ad

This is a system of linear inhomoge



neous differential equations and it

is easy to see that it has 1

solution with initial condition

Tle O

Proposition

Alea ea.im Sla

III seas

Pf First we show that 6
actually

has a solution For this we need

to check compatibility

La lx La Ad 86

baa dal Ad Adela 8lb

baa Ad Laal 1109,861



be a Ad Ella b

L
a b

T

Now we know that solution

exists and it in particular
satisfies

datileta Adeta Sla

andpatis
determined by this equation

and

the initial condition
Ji e 0

ÉÉÉ Ola

I.tnI.ola etadasCa

IAdet
so Ji from the statement

of proposition also satisfies x henry
gives the desired i coyote



go y

Dual Poisson Lie group
G simply connected PLG

of
Lie G Lie bi algebra

of also a Lie bi algebra

G simply connected Poisson

Lie group with
Lie G of

But there is no simple
explicit description of G

Examples of duality of Lie bialgebr
G hie group with 1,3 0

1 of Lieb f d Lie algebra
8 0

of is abelian 8g L

of Ila Sla FifaPLG only2

Yo B
E
B

fixesTy1jYgjY04HFcxoscs_pxn
3 s'itadsticture on sad

basis e f h of of



Dual basis et f h't of of

He Let htt 2ft
et f O

867 thine
8 f h af

847 0

So get that of subalgebra
in 19 0 59 1

aEi.Y.si
i

gg

i1.2dim

case H EE pro

Solve the diff equation
for 50 B

5 89 ppg any
for y

Ji 19 CI p xny



2 6 542 e

Jl f Eeah

TILL 9 Etah

51 8 8 7 0

The rest is obtained by
taking products

exercise
compute

Til d the answer

stagy

pipa toilerIT

TI Gt 1 papacy o Exay

TI 1 84 EG a a lo y Eng

Tillet 89 etCy o alo g

etyny_



Titian

Def A co boundary structure

on of
is an elementMattawa

re Ng sit stet
is a cob racket satisfies

co Jacobi

A Lie bialgebra equipped with

coboundary str re is called a

Notefthatht tie is determined

uniquely up
to adding an

element of Roy E g if

of is semisimple it is

unique if F as toy
2 0

Whet is the bialgebra condition

in terms of r
Define the classical Yang Baxter

map
YB go

2 903
e g rib I I i

g
32



og

C YB r Err V3 RR 8233 11,329

That Drinfeld let y
Ee a

Lie algebra and re Roy
Then Fdr is a Lie bialy
structure iff
CYBER E Poy

t

lie t's
ay invariant

PI Direct computation exercise

But we will give a different

proof using Poisson Lie groups

Namely let r be arbitrary

8 dr and let us compute

the con bivector Mesinaconn group

Plea edggyp.ca



Fca

ending adat e

Gada 1 rea

ear tea

By analytic continanantighein

Ma xr
rt_ 1 511,1

s

xlyr ryjtcxr
rxyxyyn.gs

y
So 17,1 x

fights for
xr xr rx rx as Exr rx o

x r r r r x

So CM N O

r r is y invariant

In particular Fdr is a

Lie bi algebra str re if
Er r



This egn
is called the

Classical Yang Baxter equation
solutions are called classical r

A coboundary Lie bialgebra is catteeds

I

p
str res along homomorphisms

Pig a re to
a triangular str re

0 00 r e Nor also a triang

str

EE.imoftr
iang.tn

Prof let rely Dr O

Then xr and rx are

Poisson stores on G



not Poisson Lie left inv

and right inv respectively
PI xr xr x r D O

rx rx r Dx 0

Def A triangular str ne

r e Roy is nondegenerate

if it defines an invertible map

org
Poisson str res Xr Tx

ima

the nondeg case

Prof let re gag
be a solutio

of theCYB egh Er r 0

Then off Span Id f r fat



off Span fo Id r foot
r defines two maps of 2g
off of images of them

Then oft of are f d
Lie subalgebras of of
of dim rank rt

PE Proof for tort of similar

r É a O bi

ai basis of off bi
basis of off
CY B r L ri ri Err r2

3 113,83

ai aj0bi06jt aim ajay

a go
bi bij O



Apply ftoft in opts 2,3

ai g
lin comp of a

E.SI jagieas
Lie subcoalgebras of of

CODE Solailabi

r
13 v23 re It r

13 r23
11

E9iQajQ big

g
ftp.t.IE

7

r

nondegenerate triangular store



on g E Martenot
is a nondegenerate
2 co cycle on

g
with

values in the ground field k

Nab
C M bd a 711calb o

Proof Itrianondee
triangular structure

then scr is

a left invariant symplectic
structure on G with symplectic form

D art But for petty
W xy

is closed if and only

if y is a 2 cocycle

due to Cartan's formula for dooBY
DI A Lie algebra y

with a

nondegenerate 2 coyote I



ge
is called a quasi Frobenius
tie algebra E Frobenius LA

Ex Every even dimen.si uatFEg7

abelian hie algebra is

quasi Frobenius

Ex let g
be a f d hie algebra

V a of
module and

y g
V a bijective l coyle

They V y
is quasi Frobenius

Exercise show that a semisimple

lie algebra cannot be quasi Frobenius

E The tie algehame
9 0

matrices HID I dimncad

isguasi Frobenies
Thas the classification of triangular
structures is given by the



following theorem

theorem Drinfeld Triangular
structures on a Lie Ageha

y
are labeled by pairs

or D
where or cog

is a quasi Frobenius
Lie subalgebra

and q
Nor k is a

nondegenerate 2 coyote

Namely r y'tRocky
Émpi

cannot carry a nondegenerate

triangular structures
we should

relax the definition slightly

Def An element regoxoy
St F F TE y

d



and CYBER D is called a

quasitriangular structure

For example any triangular
structure is quasitriangular
with T O

Also every quasitriangular
structure gives a cobounary one

set r P I ENoy
then it's easy to show that

ÉÉÉ Tia TzDEXoy7
Conversely if retry a cohoundary

structure with Cyber Tata

for some Te Roy then

F TIE is a quasitriangular
I

structure E
F

In particular if F is

all of them



a quaritriangalarstructure then

8 dredrissghittialgeba
structure on of

and the

corresponding
Poisson Lie

structure on G is

TH Xr Rx XP Fx

II If y
is abelian then

every triangular structure

re Roy gives
rise to 8 0

So if y
is a non abelian

hie algebra
then of 0,57

is not coboundary

2 2 dim Lie bialgetras

b is triangular but BB is

not coboundary for p
0 Cexer

3 Standard structure on sea

h



8 e Leah 8 f fah

514 0 is not triangular
but

is quasitriangular
f e aft hah

Txt eat foe that
F REHM the Casimir tensor

D B where B is the invarian

t

Def Afinitedmenional
Manin triple

is a triple of finite
dimensional

Lie algebras ay of of where
y

is equipped with a nondegenerate

invariant inner product



and oft of cog are

isotropic hie subalgebras

with of of toy as a

vector space
Let Loy y

be a Manin triple

Then y induces a nondegenerate

pairing gag
k which

yields an identification

of Eof as rector spaces

Hence we obtain a Lie bracket

on off or dually a Lie

co brackets on oft
Prof oft 7,8 is a

Lie fialgebra
PI Need to check the I couycle

condition



Olla b ada8lb ad Sla

let f geoff g We have

fog 8 Lab Efg
ab

Efg a b 1a g e

If gad b

On the other hand

fog ada86

Stalag falga 8 8

Eta g f gal 3,6
where for xtg x is the

projection of x to go
Thus

foxy 8 Ca b ada 816

If a g b



If g a If b

f a g b

g a If b

Lfa gb

g a If b

off a b 1561 g

qjgg.li
bYIip.gist

a lie bi algebra then we

can construct a Manin triple

Namely set of ocoat
It Y

with the natural inner product

anti arfa flan tf lad



We already have a bracket

on or and on at

Yt g

which are isotropic for the
inner product by definition
So we just need

to define
the bracket between of andy

so that the form is invariant

of the form requires fbtgt.ge a

a f b f half adab

so a f adat f

similarly toadjointad
a f adja

Thus
I



a f adja adat f

Exe Prove the Jacobi identity

for this bracket

Thus the notions ofafthie fialgebra

and Manin triple are equivalent
Now let off

be a Lie bialgeta

and of oft of be the corresponding
or

Manin triple We will now define
a hie bi algebra structure on of

Set 8g Ja Sa Sla f Ila r

This is clearly a Lie
at

co algebra structure
We will now see that 8

in a 1 coyote and here the

minus sign is crucial

In fact we will show that
Gyo



S dF where F EÉetof
Where li is a basis of org

and et the dead basis of art

and show that it is is

a quasitriangular structure
on of
Prof 8 dF

PI let ator Then

dFCat ILLaei3oetteiQLae.D

I if.teei0Cadte.aatte
eioxade.ae area

Now tf geol
fog IeiQadeÉa

i



I Fei g ade a

g adj
a fig a

fog 8cal

Ola dila

Similarly
one shows that

If eat diff off
g of

Prof F FER is of invariant

and CYBER O so F is

a quasitriangular
structure

on
g

PI Ftt E iQette.t
Oei r

so this is inverse to the invariant

inner product The second



statement is checked by
a direct computation exercise

Def logit is called the

Drinfeld double of the Lie bialy

sodgt.at.pt
9

mareLiesubbialgebrasing
sanitizing

embeds into a quasitriangular

III.si i
iti

is in some sense a universal

construction of quasitriangular
structures Namely we have

Reposition Let Cgr be a

quaritriangular
Lie bialgetra

let off Hof r feat



and of fo Id r f Eof
Images of two maps re og defined

Lie subbialgebras of of by r

let of Dog
be the Drinfeld

double yogi and of9595

the corresponding Manin triple
Then there exists a unique
homomorphism Ti p of
such that Algy

id

Toye id and to F o

where F Zeiset is the

quasitriangular structure
on Doj

In particular otto Ima

is a hie subalgebra of of
in fact a subbialgebra
Moreover oftogitgecogesuppor



is a quotient of Doyi

aquasitriangularhiebialgebra.PI
We showed already that

off off are hie algebras and

of of
Thus the map Ji

is naturally defined
It is

also clear that JACE
r

It remains to show that

Ti is a homomorphism of
Lie algebras which is

Then of of of Dog gag P T
E

Commutator La f adatf adja
Map J JT64,22 X 22



2 Standard structure on shid

r eaft hah

off se D b

of Lf D b

Dog
Ge 014 oh Ah

shoe

QTR str re fee of the ha

Iiiittitainen

structure on a simple Lie algebra

let y
be a finite dimensional

simple hie algebra e We will

generalize the standard structure

on se to og using
the above

method quotient of the
Drinfeld double



Recall basics about simple
Lie algebras

Geog Cartan subalgebra

Dcf root system
11

At UA
A aig

Cartan matrix

P simple roots hi gdr

off
x toy Ch x Lux hey

I dim space for LED

of 900 ga BantonT T
LED

of ofp
E gap if apes

L B E D

y nondeg form on ft
2,4 2 for long roots



di Ey ya 91 0,2 8 0

Now consider the Lie algebra

of nay ab
on

G 94 9 a EDT

4
44 0

hi ex ache fifth
h f 21h f

Lea fa haith

Thus of got thee
h heh h h h

Then of b
b is a

Manin triple where'bithged
and 5 L Hag 7



9

The invariant inner product
is

g g Lily
So we have quasitziangular

it
b

structure

F Ex Leota
i at Dt

where Xi is an

orthonormal basis of G
So when we take a

quotient by G we

obtain of
with quasitriang

structure
F 040 citzeafs

LED

Exercise Show that



She ein hi Effi dIfiahi

Ii
Quantization of Lie bi algebras
let y

be a Lie algebraassociative
Then Uly is a bialgebra
we have the comultiplication

D Vlog V g Ox Olay

which is at'ssociative defines

productD id D id a of
associative

on

UGH
and is an algebra
homomorphism

a count

Namely D x xox lax x Eg

Definition Algusantistdennteralt

enveloping algebraare is a flat

deformation Utd of Vlog
as a bi algebra over KAI



ge

This means that Uncg VINCAS

as a READ module with

multiplication me Ufyloxually
Mla b Ida b thy la b timetable

Ib I b usual product in Vlog

and comultiplicationusual comalt in UG

D a Dola TD a folate
a E UG so that'i okay

is co associative and an

algebra homomorphism

Consider

Sla qq.at I UCghIoGl

Proposition Drinfeld

S g Cage AUG
and S g Ng is



a lie bialge.ba structure

Def of 8 is called the

quasi classical
limit of

the QUE algebra UG
h

and Ugly is called a

quantization of Vlog

Example let q
eh

UCR E F H

H E 2E CH F ZF

IF 9Ég
DH HQ It OH

DE EQqH QE

DF Fox it g HOF

Proposition Ua sla is a



quantization of the standard

Lie bi algebra structure
on sea

theorem E Kazhdan 1995

conjectured by Drinfeld let charko

Then every Lie bialgetra gs
over k admits a quantization

Moreover there exists a

quantization functor
Q IBAKA QUE g

such that the quasiclassical

limit of Q of 8 8 49 7

is Coy so and this functor

is an equivalence of
categories
Ex Q 12,8standard Uh d


